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CHEMICAL EQUILIBRIUM OF MULTITEMPERATURE SYSTEMS 

A. V. Potapov 

ABSTRACIl 

The author has obtained the  de r iva t ion  of t h e  law 
of mass a c t i o n  f o r  a multi temperature system. A form- 
u l a  i s  derived f o r  ca lcu la t ing  equi l ibr ium ion iza t ion  
when t h e  e l ec t ron  temperature d i f f e r s  from t h e  heavy- 
p a r t i c l e  temperature. 

Let us  consider a system A of elements which a r e  t h e  degrees of 
freedom of molecules i n  a mixture of i d e a l  gases .  This system cons i s t s  of 
quasi-independent subsystems B having various temperatures.  We s h a l l  not bother 
t o  expla in  t h e  mechanism responsible  fo r  maintaining t h e  temperature i n  each of 
t hese  subsystems. This mechanism might be ,  f o r  ins tance ,  more in t imate  i n t e r -  
a c t i o n  between t h e  subsystems and various thermostats than between t h e  sub- 
systems themselves. We s h a l l  assume i n  t h e  given case t h a t  t h e  energy of i n t e r -  
a c t i o n  between each subsystem and i t s  thermostat i s  s m a l l  on t h e  average i n  
comparison with t h e  energy of t he  subsystem i t s e l f .  

- /55* 

Let  a subsystem B i n  t u rn  cons i s t  of (s + t )  subsystems C: s d i f f e r e n t  

9 types of subsystems C 

p a r t i c l e s  i n  each type ,  and t d i f f e r e n t  types of subsystems Cr having only i n -  

t e r n a l  degrees of freedom w i t h  N p a r t i c l e s  i n  each type.  

having only t r a n s l a t i o n a l  degrees of freedom wi th  N 
9 

r 

The f r e e  energy of an ind iv idua l  single-temperature subsystem B considered 
a s  a system of p a r t i c l e s  may be wr i t t en  i n  the  form ( r e f .  1) 

where k is  Boltzmann's constant ;  T i s  t h e  temperature of t he  p-th subsystem 

B; E. i s  t h e  energy of t h e  j - t h  s t a t e  of t he  subsystem. 

P 

J 

*Numbers given i n  margin ind ica t e  pagination i n  o r i g i n a l  fore ign  t e x t .  
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By s u b s t i t u t i n g  t h e  sum of t h e  energies  % and % of subsystems C f o r  t h e  

energy E 

expression f o r  f r e e  energy F : 

of subsystem B i n  expression ( l ) ,  w e  g ive  t h e  following form t o  t h e  
j 

I 

P 

We assume i n  subsequent transformations t h a t  t h e  subsystems C wi th  t r a n s -  
Q 

l a t i o n a l  degrees of freedom cons i s t  of i n d e n t i c a l  p a r t i c l e s ,  while  t h e  sub- 
systems Cr wi th  i n t e r n a l  degrees of freedom cons i s t  of var ious types of p a r t i -  

c l e s  charac te r ized  by some s p e c i f i c  t r a n s l a t i o n a l  ve loc i ty .  It i s  r e a d i l y  ap- 
parent  t h a t  only a systematic  implementation of t h i s  p r i n c i p l e  w i l l  r e s u l t  i n  
expressions f o r  t h e  f r e e  energy F = Z F of var ious  multi temperature systems A 

which w i l l  always g ive  t h e  known formula f o r  t h e  f r e e  energy of a s i n g l e -  
temperature system wi th  t r a n s i t i o n  t o  the case T = T .  

P P  

P 
Taking cons idera t ion  of t h e  f a c t  t ha t  s - p a r t i c l e s  are i d e n t i c a l  and t -  

p a r t i c l e s  a r e  d i f f e r e n t  i n  subsystems C ,  we ge t  - / 5 6  

F p  = - k T p l n n -  
p = i  

r=t 

- kT, In ( e - W T p  )": 
r=i h 

where ek, ch i s  t h e  energy of t h e  ind iv idua l  s t a t e  of a p a r t i c l e .  

Using ord inary  t ransformations,  we then  f i n d  

r=t 

where m i s  t h e  m a s s  of a p a r t i c l e :  K = h/2n i s  Planck 's  constant ;  

(4 1 
.. 

2 



i s  t h e  sum by s ta tes  of an ind iv idua l  p a r t i c l e  i n  t h e  subsystem C r ;  EOr i s  t h e  

zero-point energy of a p a r t i c l e  i n  subsystem Cr .  

Expressions f o r  t h e  f r e e  energy of each subsystem C may be  e a s i l y  found on 
t h e  b a s i s  of expression ( 4 ) .  

L e t  us apply t h e  f i r s t  and second l a w s  of thermodynamics t o  t h e  t - th  sub- 
system C: 

where dQ 

i s  the  increment i n  entropy; dL i s  t h e  energy; dS = -d(aFpl/3Tp)V, Npl 

t o t a l  energy of t he  subsystem. 

i s  t h e  heat  which i s  supplied; dEpl i s  the increment i n  i n t e r n a l  
P I  

P I  PI 

Bearing i n  mind t h a t  

F p l  = Epl- T p S p l ,  

F = X R p ?  Z J ' p t ,  
P P* 1 

w e  f i n d  on t h e  b a s i s  of (6)  and (7)  f o r  system A 

(9) 

I n  the case  of a process  wi th  T = cons t ,  t ak ing  p l ace  i n  a constant  vo l -  P 

ume V,  where 

t h e  r e l a t i o n s h i p  (10) takes  on t h e  form 

' !dpl)lrp, v 5 c!) 

The f r e e  energy of a multi temperature system a t  T , V = cons t ,  can only 
P 

decrease.  When t h e  system i s  i n  equi l ibr ium - /57 

and 
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A s  follows from equat ion (14),  a condi t ion f o r  chemical equi l ibr ium f o r  
t h e  r e a c t i o n  

(where Ai are  t h e  chemical ind ices  of t he  r eac t ing  mater ia ls ;  vi  are t h e  s t o i -  

chiometr ic  c o e f f i c i e n t s )  i s  t h e  r e l a t i o n s h i p  

where 

i s  t h e  chemical p o t e n t i a l  of subsystems D made up of i d e n t i c a l  molecules. 

The f r e e  energy of each of t hese  multi temperature subsystems D i s  obtained 
by a d d i t i o n  of t h e  f r e e  energies  of t h e  corresponding subsystems C: 

eV rntkTc \ 
Pi = -kTtNi In - (-r - kT,Nt In Z i p  + N m r .  

P \ Ni 2di2 
, .  

Here coi = CeOip i s  t h e  zero-point t energy of a p a r t i c l e  i n  t h e  
P 

D - subs y s t em. 

I n  conformity wi th  d e f i n i t i o n  (17)  f o r  t h e  chemical p o t e n t i a l  of a mul- 
t i t empera tu re  subsystem D,  w e  have t h e  expression 

where 

S u b s t i t u t i n g  (19) i n  (16), w e  f ind  the  fol lowing condi t ion  f o r  chemical 
equ i l ib r ium of a mult i temperature  system 

4 



. 
The law of mass a c t i o n  f o r  a multi temperature system i s  w r i t t e n  as 

The quant i ty  Q which i s  independent of t h e  amount of r e a c t i n g  materials 

may be  c a l l e d  t h e  constant  of chemical equi l ibr ium by analogy w i t h  ordinary 
thermodynamics. 

Le t  us apply our l a w  of m a s s  ac t ion  i n  a mult i temperature  system t o  t h e  
ion iza t ion  r e a c t i o n  

Ai + e - A, = 0 ( 2 3 )  

i n  t h e  case  where t h e  temperature of r o t a t i o n a l  and o s c i l l a t o r y  degrees of 
freedom i s  equal  t o  t h e  k i n e t i c  temperature of heavy p a r t i c l e s  T = Ti = T a ,  

whi le  the temperature of e l ec t ron  e x c i t a t i o n  i s  equal t o  t h e  e l e c t r o n  temper- 
a t u r e  Te.  

/58 

The r e s u l t  i s  t h e  formula 

where rp = C vieoi i s  t h e  ion iza t ion  p o t e n t i a l ;  ge = 2 i s  the  s t a t i s t i c  weight 

of t h e  e l ec t rons ;  Zi(T) and Z (T) are the  sums by s ta tes  of t h e  r o t a t i o n a l  and 

o s c i l l a t o r y  degrees of freedom; Z i ( T e )  and ZH(Te) are t h e  sums by s ta tes  of 

t h e  e l e c t r o n  e x c i t a t i o n  of ions and molecules r e spec t ive ly .  

i 

a 

Rela t ionship  ( 2 4 )  i s  der ived without cons idera t ion  of t h e  i n t e r a c t i o n  be- 
tween m a t t e r  and r a d i a t i o n .  Therefore  the degree of i on iza t ion  i n  a c t u a l  sys-  
t e m s  conta in ing  r a d i a t i o n  w i l l  be s t r i c t l y  r e f l e c t e d  by th i s  equat ion only i f  
r a d i a t i v e  processes  produce t h e  same  balance between p a r t i c l e s  as processes  of 
a pure c o l l i s i o n  type.  I n  a l l  o ther  cases ,  equation ( 2 4 )  i s  app l i cab le  only i f  
c o l l i s i o n  processes  which produce ion iza t ion  equi l ibr ium play a predominant 
p a r t  i n  comparison wi th  r a d i a t i v e  processes.  A similar requirement app l i e s  t o  
plasmas wi th  nonequilibrium r a d i a t i o n  where it  i s  assumed t h a t  the Saha equi- 
t i o n  may be  used ( r e f s .  2 and 3 ) .  

A s  i s  genera l ly  known, subsystems w i t h  c h a r a c t e r i s t i c  k i n e t i c  temperatures 
are formed by e l ec t rons  and heavy p a r t i c l e s  i n  a gas discharge a t  a c e r t a i n  de- 
g ree  of i o n i z a t i o n  due t o  t h e  grea t  d i f f e rence  between t h e  masses of e l ec t rons  
and atoms ( r e f s .  2 ,  4 and 5 ) ;  i n  th i s  regard,  t h e  exc i ted  e l ec t ron  s ta tes  i n  
some e l e c t r i c  a r c s  have Boltzmann d i s t r i b u t i o n  a t  t he  e l ec t ron  temperature,  and 
r o t a t i o n a l  degrees of freedom a t  t h e  k i n e t i c  temperature of t h e  heavy p a r t i c l e s  
( r e f s .  2 and 6 ) .  I n  many published works, e. g . ,  re fe rences  4 ,  5 ,  7 ,  8 ,  and 9 ,  

5 
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it is proposed that the Saha equation with electron temperature should be used 
for this type of two-temperature plasma, i. e., a statistical relationship de- 
rived for 
temperature state of equilibrium for the entire particle system. It is evident 
that use of statistical relationship (24)  found f o r  a 2-temperature system makes 
more sense in cases of this type. 

other physical conditions, viz. on the assumption of a single- 
, 
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I n t r o d c t i o n  L 

5 e  n-body problem i s  Generally concerned with t'ne mot.ion of misses 

(n.1)) moving i n  i n e r t i c l  s p m e  under t h e  a t t r z c t i o n  of n ml, ., n 
t h e i r  g z v i t i o n a l  fo rces .  

upon by I T - ~ S S  %, w e  i l l u s t r E t e  the Geonctry i n  F i g a e  1. 

I n  the cese of I par tdc l e  m .  be ing  ac t ed  
3 

With p o s i t i o n  vec to r s  r end p t h e  d i f f e r e n t i a l  equat ion of ekr  th 
motion due t o  t h e  force  on the  Jth pa?ti_cle by t,he k nass is 

-J 

n 

assuming the  i n i t i a l  s o s i t i o n  and v e l o c i t y  are given, i Q e o y  r -k 
v (0)  and r 70, w e  seek a so lu t ion  of (1). To r e a l i z e  vha t  c o n s t i -  

t u t e s  E s o l u t i o n  t o  a d i f f e r n t i a l  e q m t i o n ,  rece l l  t he  problem 

(0), 

-k jk 

vhere  we seek a s o l u t i o n  such t h a t  yo = g(x9) for a predetermined 

p o i n t  and i n  genera l  y = ~ ( x ,  c )  03v ious1~  t o  fiiid c we so lve  yo = &(xo, c )  



. 
In t roduc t ion  

/’ 
However, i n  a c t u a l i t y  r.:e so lve  &(s,, ys c )  = 0, with g(xo9 ya9 c )  = 0. 

Solv ing  for c we f i n d  m b q l i c i t  so lu t ion  r e l a t i n g  x and y. For e x m -  

p le ,  cons ide r  

with s o l u t i o n  

2 x + s i n  e q  + y = e,, 

Tne la t ter  equat ion  is  a s o l u t i o n  i n  t he  sense t h a t  i f  it i s  d i f f e r e n -  

t i a t e d  you g e t  t h e  f o m e r .  A c t w i l y  such a s o l u t i o n  se rves  no u s e f u l  

purpose unless t h e r e  e x i s t s  some trensparency t h a t  makes it more use- 

f u l .  

Fu r the r ,  assume t h e r e  e x i s t s  a set of d i f f e r e n t i a l  equat ions  

wi th  i n i t i a l  cond i t ions  x ( 3 )  and y(0) Given. The problem i s  t o  f i n d  

s o l u t i o n s  x = x(t) End y = y ( t )  s a t i s f y i n g  the  d i f f e r e n t i a l  e q m t i o n s  

and t h e  i n i t i a l  cond i t ions .  Simsle divisLon o f  t hese  e q m t i o n s  e l i -  

minates  t h e  v a r i a b l e  t and y i e l d s  9 - 

we have nanzged t o  reduce the  :ys ten  3y cne, and t h e r e  i s  a chance t h a t  

if t h e  s o l u t i o n  i s  t r anspa ren t  the reduct ion i s  u s e f u l ,  Thus ne themi t i -  

c ians  were led t o  look f o r  i n t e g r a l s  tc systens of Zi f fe i -e r l i i a i  equa t ions .  

-Return ing  t o  eqca t ion  (I), the i,i.ea i s  t o  reduce it ‘ t o  a s y s t e n  of  

first o r d e r  d i f f e r e n t i a l  ec.wtic3s of t h e  f o m  

where y = g(x> Here & - h(x9 Y) 

F 

I 
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i i  
In t roduct ion  I 

i/ 
znd %(O) given for k = I, . . ', EI. The order  of ( 2 )  i s  6r1, with 

P = 6n. 

Assume f:xl ,  e . ., xm, t) is  En integral of t h e  system if 

eve iy  so lu t ion  If the  system gives 

, 

where the  c o n s t a l t  i s  ae te rn ined  by 

(3) i s  a n  i m p l i c i t  s o l u t i o n  of (2) i n  t h e  sense t h a t  i f  

3.  

fk [ x l ( t ) ,  . . x m ( t ) ,  t ] = f [ i n i t i a l  va lues  1 , k ' =  1, . ., m, 

t h e r e  e x i s t n  equat ions i n  n unknowns for  which we can solve 5 = 
)sr (t, init ial  cond i t ions ) ,  and  the problem i s  solved i n  terms of t 
and the  i n i t i a l  condi t ions .  

I l l u s t r a t i v e  Cen t ra l  Force Problem 

Consider t h e  2-body problem, n = 2, 12 i n t e g r a l s ,  

moving i n  a f i e l d  s u b j e c t  t o  the  inverse  square l a v e  

n 
r 8 

.;I_=-*+ , 
r 

with 

or 

masses 
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(3) 
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( 5 )  

Nt 
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